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Schro¨dinger (Nature, v.169, p.538 (1952)) demonstrated that, contrary to the widespread belief,
charged particles may be described by real fields. Therefore the sets of solutions with real-valued
charged fields are considered in the present work for some versions of (non-second-quantized) quan-
tum electrodynamics (for Dirac spinors ”real-valued” is understood as ”satisfying the Majorana
condition”). In some of the versions any solution may be obtained from a solution from those sets
by a gauge transform. The solutions from those sets have common features suggesting a natural
interpretation along the lines of the Bohm interpretation, but no quantum potentials arise, and it
is the electromagnetic field, not the wave function, that plays the role of the guiding field.
PACS numbers: 03.65.Ta;03.65.Pm;12.20.-m;03.50.De
I. INTRODUCTION
Using the example of the Klein-Gordon-Maxwell elec-
trodynamics, Schro¨dinger (Ref. [1]) demonstrated that,
contrary to the widespread belief, charged particles may
be described by real fields. This is a part of the ra-
tionale for the present work, where the sets of solu-
tions with real-valued electron-positron fields are consid-
ered for the Klein-Gordon-Maxwell electrodynamics, the
Dirac-Maxwell electrodynamics, and a theory with the
Lagrangian of the Dirac-Maxwell electrodynamics sub-
ject to the constraint that the axial current vanishes
(for Dirac spinors ”real-valued” is understood as ”sat-
isfying the Majorana condition”). In the first and the
third cases any solution may be obtained from a solution
from those sets by a gauge transform. In all three cases
the solutions from those sets have the following common
features: in each point the current is codirectional with
the 4-potential of the electromagnetic field; the electro-
magnetic field satisfies the equations of the Dirac’s ”new
electrodynamics” (Ref. [2]) with various gauge conditions
and displays independent dynamics. These features sug-
gest a natural interpretation along the lines of the Bohm
interpretation (Refs. [3, 4, 5]), but no quantum poten-
tials arise, and it is the electromagnetic field, not the
wave function, that plays the role of the guiding field.
A ”vacuum polarization” version of the Bohm interpre-
tation is considered, where a wave function describes
(infinitely) many particles moving along the Bohm tra-
jectories and characterizes the polarization of vacuum.
This version seems especially appropriate for real-valued
charged fields. The potential implications of this version
for the Barut’s self-field electrodynamics (Ref. [6]) are
considered.
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II. THE DIRAC’S ”NEW
ELECTRODYNAMICS”
This work heavily uses the results of Refs. [1, 2], so
let us summarize some of them here. In Ref. [2], Dirac
considers the following conditions of stationary action for
the free electromagnetic field Lagrangian subject to the
constraint AµA
µ = k2:
Aµ −A
ν
,νµ = λAµ, (1)
where Aµ is the potential of the electromagnetic field,
and λ is a Lagrange multiplier. The constraint represents
a nonlinear gauge condition. One can assume that the
conserved current in the right-hand side of Eq. (1) is
created by particles of mass m, charge e, and momentum
(not generalized momentum!) pµ = ζAµ, where ζ is a
constant. If these particles move in accordance with the
Lorentz equations
dpµ
dτ
=
e
m
Fµνpν , (2)
where Fµν = Aν,µ−Aµ,ν is the electromagnetic field, and
τ is the proper time of the particle ((dτ)2 = dxµdxµ),
then
dpµ
dτ
= pµ,ν
dxν
dτ
=
1
m
pνp
µ,ν =
ζ2
m
AνA
µ,ν . (3)
Due to the constraint, AνA
ν,µ = 0, so
AνA
µ,ν = −AνF
µν = −
1
ζ
Fµνpν . (4)
Therefore, Eqs. (2,3,4) are consistent if ζ = −e, and then
pµp
µ = m2 implies k2 = m
2
e2
(so far the discussion is
limited to the case −eA0 = p0 > 0).
Thus, Eq. (1) with the gauge condition
AµA
µ =
m2
e2
(5)
2describes both independent dynamics of electromagnetic
field and consistent motion of charged particles in ac-
cordance with the Lorentz equations. The words ”inde-
pendent dynamics” mean the following: if values of the
spatial components Ai of the potential (i = 1, 2, 3) and
their first derivatives with respect to x0, A˙i, are known
in the entire space at some moment in time (x0 = const),
then A0, A˙0 may be eliminated using Eq. (5), λ may be
eliminated using Eq. (1) for µ = 0 (the equation does not
contain second derivatives with respect to x0 for µ = 0),
and the second derivatives with respect to x0, A¨i, may
be determined from Eq. (1) for µ = 1, 2, 3.
III. REAL-VALUED SOLUTIONS OF THE
KLEIN-GORDON-MAXWELL
ELECTRODYNAMICS
In his comment on the Dirac’s work, Schro¨dinger
(Ref. [1]) considered interacting scalar charged field ψ
and electromagnetic field Fµν with the Lagrangian
−
1
4
FµνFµν +
1
2
(ψ∗,µ − ieAµψ
∗)(ψ,µ + ieAµψ)−
−
1
2
m2ψ∗ψ (6)
and the Klein-Gordon-Maxwell equations of motion
(∂µ + ieAµ)(∂µ + ieAµ)ψ +m
2ψ = 0, (7)
Aµ −A
ν
,νµ = jµ, (8)
jµ = ie(ψ
∗ψ,µ − ψ
∗
,µψ)− 2e
2Aµψ
∗ψ. (9)
For each solution Aµ, ψ of these equations there is a
physically equivalent (i.e. coinciding with it up to a
gauge transform) solution Bµ, ϕ, where ϕ is real. For
real scalar field the equations of motions may be written
in the following form (see also Ref. [7]):
ϕ− (e2BµBµ −m
2)ϕ = 0, (10)
Bµ −B
ν
,νµ = jµ, (11)
jµ = −2e
2Bµϕ
2. (12)
Schro¨dinger emphasized two circumstances. Firstly, ex-
cept for the missing constraint, the equations for the
electromagnetic potentials coincide with Eq. (1) (if we
replace Bµ with Aµ and −2e
2ϕ2 with λ). Secondly, the
fact that the scalar field can be made real by a change
of gauge, although easy to understand, contradicts the
widespread belief about charged fields requiring complex
representation. This consideration may be regarded as
a part of the rationale for the present work, where real
fields are used to describe charged particles.
Obviously, the equations for Bµ and ϕ are not gauge
invariant, as the gauge has already been fixed by the
condition that ϕ is real – unitary gauge (Ref. [7],[8]). It
should be noted that these equations may be obtained
from the following Lagrangian :
−
1
4
FµνFµν +
1
2
e2BµB
µφ2 +
1
2
(φ,µφ
,µ −m2φ2). (13)
Actually, it coincides with the Lagrangian of Eq. (6) up
to the replacement of the complex scalar field by a real
one. There is little doubt Lagrangian of Eq. (13) has
been considered before, but so far the author has not
been able to find the reference.
Rather surprisingly, Eqs. (10,11,12) also describe inde-
pendent dynamics of electromagnetic field in the follow-
ing sense (assuming ϕ and B0 do not vanish identically):
if components Bµ of the potential and their first deriva-
tives with respect to x0, B˙µ, are known in the entire space
at some moment in time (x0 = const), Eqs. (10,11,12)
yield the values of their second derivatives, B¨µ, for the
same value of x0, so integration yields Bµ for any value
of x0 (the author is not aware if this has been shown
before). Indeed, ϕ may be eliminated using Eq. (11) for
µ = 0, as this equation does not contain B¨µ for this value
of µ:
ϕ =
√
(−2e2B0)−1(B0 −Bν,ν0). (14)
Then B¨i (i = 1, 2, 3) may be determined by substitution
of Eqs. (12,14) into Eq. (11) for µ = 1, 2, 3. Conservation
of current implies
0 = ∂µ(B
µϕ2) = (∂µB
µ)ϕ2 + 2Bµϕ∂µϕ, (15)
or
0 = (∂µB
µ)ϕ+2Bµ∂µϕ = (B˙0 +B
i
,i)ϕ+2B
0ϕ˙+2Biϕ,i.
This equation determines ϕ˙, as spatial derivatives of ϕ
may be found from Eq. (14). Differentiation of this equa-
tion yields
0 = (B¨0 + B˙i,i)ϕ+ (B˙
0 +Bi,i)ϕ˙+
+2(B˙0ϕ˙+B0ϕ¨+ B˙iϕ,i +B
iϕ˙,i). (16)
After substitution of ϕ from Eq. (14), ϕ˙ from the pre-
vious equation, and ϕ¨ from Eq. (10) into Eq. (16), the
latter equation determines B¨0 as a function of Bµ, B˙µ
and their spatial derivatives (again, spatial derivatives of
ϕ and ϕ˙may be found from the expressions for ϕ and ϕ˙ as
functions of Bµ and B˙µ). Thus, if Bµ and B˙µ are known
in the entire space at a certain value of x0, then B¨µ may
be calculated for the same x0 and, by integration, in the
entire space-time. Therefore, we do have independent
3dynamics of electromagnetic field, although one cannot
choose arbitrary values of Bµ and B˙µ at a certain mo-
ment in time as, for example, the argument of the square
root in Eq. (14) must not be negative. However, there is
no need to prove that the set of solutions of the relevant
equations is rich enough, as it includes all solutions of
the Klein-Gordon-Maxwell equations Eqs. (7,8,9) (up to
a gauge transform). Obviously, the equations of indepen-
dent dynamics of electromagnetic field can be written in
a covariant form. If ϕ or B0 vanish identically, the dy-
namics of electromagnetic field is also independent but
different.
This result may be relevant to interpretation of quan-
tum mechanics. It allows a natural deterministic inter-
pretation along the lines of the Bohm (de Broglie-Bohm)
interpretation (Refs. [3, 4, 5]). Cutting some corners, one
may say that in this interpretation (for one particle) the
charged field represents an ensemble of point-like parti-
cles guided by the field and moving along the lines of
current. For example, for the Klein -Gordon field, the
current is defined by Eq. (9) or Eq. (12). The results
of this work suggest that electromagnetic field may be
regarded as the guiding field, and in each point the par-
ticles move along the potential Bµ. This simplification
may make the interpretation more attractive. One may
ask if it is possible to get rid of particles altogether and
leave just electromagnetic field. The author does not
think so, but cannot exclude this possibility for reasons
outlined later in this work along with a somewhat differ-
ent interpretation.
It should be mentioned that there is some controversy
about the Bohm interpretation of the Klein-Gordon field,
in particular, because current may be spacelike for this
field. For example, in Refs. [9, 10] it is contended that
these difficulties do not lead to inconsistencies; a different
definition of particle trajectories is given in Refs. [11, 12]
(see, however, Ref. [13]); there is also an opinion that
bosons are fields, and they have no particle trajectories
(Ref. [4]). This author focuses, however, on electrody-
namics and does not consider any massive bosons, so the
Klein-Gordon equations are regarded just as a reasonably
decent approximation for electrons. Therefore, the in-
evitable next step would be to replace the Klein-Gordon
field by the Dirac field.
IV. MAJORANA SOLUTIONS OF THE
DIRAC-MAXWELL ELECTRODYNAMICS
The Schro¨dinger’s remark on the possibility of descrip-
tion of charged particles with real fields suggests that
charged particles of spin 1/2 may be described by Ma-
jorana spinors (actually, Majorana developed his theory
(Ref. [14]) for electrons), as the Majorana condition is
an analog of the reality condition and coincides with
the latter in the Majorana representation of γ-matrices
(Ref. [8]). So in this work the Dirac-Maxwell electrody-
namics is considered:
(i∂ˆ − eAˆ−m)Ψ = 0, (17)
Aµ −A
ν
,νµ = jµ, (18)
jµ = eΨ¯γµΨ, (19)
and the subset of its solutions is defined by the condition
that Ψ is a Majorana spinor. It was shown in Ref. [15]
that this subset is not trivial. Two types of spinors were
considered (Refs. [16],[17],[18],[19]; Ref. [17], its English
translation, Ref. [18] and Ref. [19] may be found at the
author’s web site): c-type spinors (components of the
spinor Ψ are c-numbers) and a-type spinors (components
of the spinor Ψ are anticommuting elements of a Grass-
man algebra), but the results are illustrated here using
c-spinors, so the current for a Majorana spinor only van-
ishes if the spinor equals zero.
Applying charge conjugation to the Dirac equation
(Eq. (17)) and using the Majorana condition, we obtain
(i∂ˆ −m)Ψ = 0 and AˆΨ = 0. The latter equation implies
AµA
µ = 0, if Ψ 6= 0 (Ref. [15]); furthermore, if the vector
Aµ is not zero, the equation also implies that there ex-
ists such λ that jµ = λAµ (Ref. [15]). It should be noted
that jµj
µ = 0 for Majorana spinors (Ref. [20]). We also
obtain
0 = (∂ˆAˆ+ Aˆ∂ˆ)Ψ = 2Aµ∂µΨ+Aν,µγ
µγνΨ. (20)
This equation may be regarded as a system of ordinary
(not partial!) differential equations on a curve that is
tangential in all its points x to the vector Aµ(x).
We may conclude that the equations of the Maxwell-
Dirac electrodynamics (Eqs. (17,18,19)) for Majorana c-
type spinors are equivalent (if Ψ and A do not vanish
identically) to the following system:
(i∂ˆ −m)Ψ = 0, (21)
AµA
µ = 0, (22)
λAµ = jµ = eΨ¯γµΨ, (23)
Aµ −A
ν
,νµ = λAµ. (24)
Eqs. (24,22) coincide with Eqs. (1,5) of the Dirac’s ”new
electrodynamics” (Ref. [2]) up to a constant in the right-
hand side of Eq. (22). A solution of Eq. (24) satisfies the
condition of stationary action of the free electromagnetic
field subject to the constraint Eq. (22) (cf. Ref. [2]).
4Therefore, Eqs. (24,22) describe independent evolution
of the electromagnetic field (λ = λ(x) is a Lagrangian
multiplier). Eq. (22) may be regarded as a nonlinear
gauge condition. The subset of the Dirac-Maxwell elec-
trodynamics allows a natural deterministic interpretation
along the lines of the Bohm interpretation. The differ-
ence is that the quantum potential(s) is/are replaced by
the ordinary potential of electromagnetic field (or, in a
version of the Bohm interpretation where a quantum po-
tential does not play a prominent role (Ref. [5] and ref-
erences there), electromagnetic field replaces wave func-
tion as a guiding field). An electron may be regarded
as a point-like particle with properties that are deter-
mined solely by the value of the spinor Ψ in the point
of space-time. Possible trajectories are the curves that
are tangential to the vector Aµ(x) in every their point x.
Eq. (22) implies that the magnitude of the instantaneous
velocity is always equal to the velocity of light. This is
consistent with the uncertainty principle and the notion
of zitterbewegung and allows smaller mean velocities (the
role of zitterbewegung for interpretation of quantum me-
chanics was discussed in a great number of works. See,
e.g., Refs. [21],[22],[23]).
It seems that there may exist a somewhat different
interpretation of real charged fields: the one-particle Ψ-
function may describe a large (infinite?) number of parti-
cles moving along the above-mentioned trajectories. The
total charge, calculated as an integral of charge density
over the infinite 3-volume, may still equal the charge
of electron. So the individual particles may be either
electrons or positrons, but all together they may be re-
garded as one electron, as the total charge is conserved
(if an electron is then removed, for example, as a result
of a measurement, and the total energy of what is left is
not very high, so it is difficult to speak about presence
of pairs, then the remaining field will look very much
like electronic vacuum, maybe with some electromagnetic
field). This seems to be compatible with the notions of
polarization of vacuum and path integral. So Ψ(x) may
be a measure of polarization of vacuum in the point x
(and this may explain the fact that it determines the den-
sity of probability of finding a particle in this point), and
spreading of wave packets should not create problems.
This interpretation also seems to give a clearer picture of
the two-slit interference. The author is not sure if such
an interpretation has been proposed for ordinary com-
plex charged fields, but it seems especially appropriate
for real charged fields.
As the system of Eqs. (21,22,23,24) is overdetermined,
it is necessary to find an equivalent involutive system
(Ref. [24]) to find out if the set of its solution is rich
enough. Unfortunately, although there are finite algo-
rithms solving this task, the actual calculations may be
intractable. Recently some methods have been developed
for systems with high degree of symmetry (Ref. [25]) that
may help overcome this difficulty. However, so far this
problem has not been solved. Therefore it may be ad-
visable to make a step in a different direction. So far we
have only considered solutions of well-established theo-
ries – the Klein-Gordon-Maxwell and Dirac-Maxwell elec-
trodynamics, so in this respect we have been on firm
ground, no matter how controversial their interpretation
may be. Now let us consider the standard Lagrangian of
the Dirac-Maxwell electrodynamics and impose the con-
straint Ψ¯γ5γµΨ = 0 (the axial current vanishes). A sim-
ilar approach to imposition of the Majorana condition
was used in Ref. [26], but the specific procedure there
raises some doubts as the constraints of that work make
no contribution to the equations of motion. In our case
the equations of motion are as follows:
(i∂ˆ − eAˆ+ γ5Dˆ −m)Ψ = 0, (25)
Aµ −A
ν
,νµ = jµ, (26)
jµ = eΨ¯γµΨ, (27)
Ψ¯γ5γµΨ = 0, (28)
where Dˆ = Dµγ
µ, and Dµ are the Lagrangian multipli-
ers. Every solution of this system is physically equiv-
alent to a Majorana solution related to it via a gauge
transform: Eq. (28) implies that the spinor Ψ may be
represented in the form Ψ = exp(iθ)Φ, where θ = θ(x) is
real, and Φ is a spinor satisfying the Majorana condition.
Substituting this in Eqs. (25,26,27), we obtain equations
for Majorana spinors:
(i∂ˆ − eBˆ + γ5Dˆ −m)Φ = 0, (29)
Bµ −B
ν
,νµ = jµ, (30)
jµ = eΦ¯γµΦ, (31)
where eBµ = eAµ + θ,µ. Treating Eq. (29) in the same
way as the Dirac equation (Eq. (17)), we obtain:
(i∂ˆ + γ5Dˆ −m)Φ = 0, (32)
BˆΦ = 0. (33)
Again, Eq. (33) implies BµB
µ = 0, if Φ 6= 0; if the vector
Bµ is not zero, the equation also implies that there exists
such λ that jµ = λBµ. Therefore, we obtain the following
system of equations with Majorana spinors:
(i∂ˆ + γ5Dˆ −m)Φ = 0, (34)
5BµB
µ = 0, (35)
λBµ = jµ = eΦ¯γµΦ, (36)
Bµ −B
ν
,νµ = λBµ. (37)
Eq. (34) is linear in Dµ, so it is easy to eliminate Dµ
from it. Again, Eqs. (35,37) describe independent evo-
lution of the electromagnetic field, and Eq. (36) allows
one to determine the trajectories in the Bohm interpre-
tation from the potential of the electromagnetic field. It
remains to be seen whether Eqs. (34,35,36,37) are com-
patible with experimental data or they may only be used
as an interesting toy model for interpretation of quantum
mechanics.
It should be noted that second-quantized theories are
not considered in this work. Transition to several parti-
cles is known to introduce complications in interpretation
of quantum theory. So this is definitely a drawback of this
work (and certainly not the only one). However, this is
all the author can offer at the moment. As a partial jus-
tification of his approach, he may say that interpretation
of quantum mechanics may be discussed using theories
of various levels of sophistication, and the theories used
in this work are far from being the most primitive. On
the other hand, there is also a possibility to refer to the
Barut’s self-field electrodynamics (Ref. [6]. See also his
ICTP preprints, e.g. Ref. [27]). Barut contends that
calculations in the non-second-quantized Dirac-Maxwell
electrodynamics reproduce the famous results of the stan-
dard (second-quantized) quantum electrodynamics, e.g.
for the Lamb shift, with great accuracy. However, as
far as this author understands, Barut put his hopes on
finding soliton solutions of the Dirac-Maxwell electrody-
namics for description of free electrons. This author has
his doubts, but some soliton solutions have been found
(Ref. [15],[28],[29]). However, the ”vacuum polarization”
version of the Bohm interpretation outlined above may
remove the need for soliton solutions in the self-field elec-
trodynamics.
V. CONCLUSION
Some versions of (non-second-quantized) quantum
electrodynamics with real-valued charged fields have
been considered. All of them have common features sug-
gesting a natural interpretation along the lines of the
Bohm interpretation, but no quantum potentials arise,
and it is the electromagnetic field, not the wave func-
tion, that plays the role of the guiding field.
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